With the Stirling matrix and the Pascal matrix , we show that ( ≥ 0) satisfies a type of generalized Stirling recurrence. Then, by expressing the sum of components of each row of as -Bell number, we investigate properties of -Bell numbers as well as -Peirce matrix.
Introduction
The Stirling number , of the second kind is the number of ways to partition an elements set into nonempty subsets for any , ≥ 0. , can be expressed by ! , = ∑ =0 (−1) ( ) ( − ) , and the Stirling matrix = [ , ] ( , ≥ 0) satisfies the Stirling recurrence , = −1, −1 + −1, [1] . Some researches including [2] [3] [4] were devoted to investigating the Stirling matrix with the Pascal matrix and binomial expressions. On the other hand, the sum = ∑ =0 , of numbers of the th row of is called a Bell number, so { | ≥ 0} = {1, 1, 2, 5, 15, ⋅ ⋅ ⋅ } counts the number of partitions of an elements set. One effective way for generating Bell numbers is to use the Peirce matrix (often called Bell table or Aitken's array), on which Bell numbers appear along both borders [5] [6] [7] .
A main purpose of work is to study for ≥ 1. We show that satisfies a kind of generalized Stirling recurrence, and then by expressing the sum of components of each row of as a -Bell number we investigate -Bell numbers as well as -Peirce matrix. We discuss recurrence rules of a -Peirce matrix and then interrelationships between each -Peirce matrices. ].
Generalized -Stirling Matrix and -Bell Numbers
Proof. The first two identities in (1) are easy to observe. And *
Clearly [
it follows that
Hence the next corollary follows immediately. 
Proof.
(1) = [
, ] = * in Corollary 2 shows
, + ( + 1) ] give identities 55 = 19 + (4)9 and 97 = 37 + (5)12, and it is easy to observe
for 1 ≤ , ≤ 5; = 2, 3. Now we assume
any ( , )th component
comes from the th row of and the th column of ( ) . So
and 
by the induction hypothesis on ( ) . But since ( ) , = 1 for all , it follows immediately from Pascal's rule that ( +1) , 
+1 ( ≥ 0) by Theorem 1. Note that (2) is listed in A005493-OEIS as the numbers of partitions with a distinguished block. And ( ) (3 ≤ ≤ 5) are coefficients of exp( + exp( ) − 1) (A005494, A045379, and A196834). On the other hand, the -Bell numbers ( ) were studied in [9] by using certain binomial expressions = ∑ =0 { } and ( ) = ∑ =0 { + + }. A key feature of our study is to have these -Bell numbers from multiplications of and explicitly. Hence it enables us to find relations between -Bell numbers ( ) and ( +1) , as follows.
Theorem 4.
( ) [
Proof.
And, due to Theorem 1, we have
for some then we
Theorem 4 says [ ] of (2 + 1) then
which implies
]. Thus, owing to Theorem 4, it is clear to have generalizations toBell numbers ( ≥ 0) that
Matrix of General Bell Numbers
With all the -Bell numbers ( ) ( ≥ 1), we make a tablê in which each th column is composed of -Bell numbers. We call it a matrix of general Bell numbers and denote it bŷ 
Suppose , +1 = , − −1, for some , > 1. By looking at 
it is enough to prove the following two cases.
(i) For any ≥ 0, assume ( ) = is true at ( + 1)th row. Using the th row of , the induction hypothesis in (i) with (16) implies
On the other hand, we also have
2 )
for ( 
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Moreover
Then we complete the proof by comparing (22) and (23).
Therefore Theorem 5 with (16) shows
As an example, the 6-Bell numbers (6) = { (6) } = {1, 7, 50, 365, 2727, ⋅ ⋅ ⋅ } and then 7-Bell numbers 
Theorem 6 can be restated in terms of -Bell numbers.
+1 , ⋅ ⋅ ⋅ , 
-Peirce Matrix
The Peirce matrix [ , ] ( , ≥ 0) was designed to generate Bell numbers. 
Notice that the left border is always comprised of Bell numbers, while the right diagonals (r.diag.) of (2) and (3) are of 2 and 3-Bell numbers, respectively. And the second right diagonal (2nd r.diag.) of (2) equals the r.diag. of (3) .
The next theorem shows that the r.diag. of 
When = 1, 2, 3, the r.diag. of ( ) yields {1, 2, 5, 15, ⋅ ⋅ ⋅ }, {1, 3, 10, 37, ⋅ ⋅ ⋅ }, and {1, 4, 17, 77, ⋅ ⋅ ⋅ }, where these correspond to (1) , (2) , and (3) . 
And it is not hard to see that it corresponds to the r.diag. of 
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